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A novel approach using a 2-D population balance model is developed and applied to
the analysis of experimental tracer crystal data. This approach is effective in discriminat-
ing among various functional forms of agglomeration kernel and enables estimation of
the agglomeration kinetics. At present, the analysis is restricted to three simple agglom-
eration kernels and shows that the size-independent kernel best describes the agglomera-
tion of AI(OH); crystals during precipitation in caustic aluminate solutions. This agrees
with the findings of Ilievski and White (1994). Estimates of the agglomeration kinetic
parameters from the tracer data agree well with the experimentally observed values.

Introduction

In Part I, Ilievski and White (1995) describe the develop-
ment and application of tracer crystals to the study of A(OH),
precipitation mechanisms. These tracer crystals contain de-
tectable amounts of Zn and have the crystal structure of the
gibbsite polymorph of Al(OH);, the polymorph observed in
industrial Bayer precipitation. The tracer crystals were
demonstrated to behave in the same manner during precipi-
tation as the nontracer AKOH); crystals. This article de-
scribes a novel technique for analyzing the experimental
tracer data. The technique makes use of a two-dimensional
(2-D) population balance and provides a useful tool to aid
identification of agglomeration mechanisms. At this stage, the
analysis is restricted to three simple agglomeration kernels.
However, the principle can readily be extended to more com-
plex agglomeration models if numerical, rather than analyti-
cal, techniques are used.

Several agglomeration studies in batch precipitation have
been conducted on this system. To the best of our knowl-
edge, only the study of Ilievski and White (1994) addresses
the so-called inverse problem, where the agglomeration mech-
anism is inferred from the experimental particle-size distribu-
tion (PSD) data. The AI(OH), agglomeration study of Halfon
and Kaliaguine (1976) assumed a priori size-independent ag-
glomeration. The study of Ilievski and White (1994) showed
that AI(OH); agglomeration could be satisfactorily modeled
by a random coalescence, or size-independent, agglomeration
mechanism. They draw this conclusion from two separate ex-
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perimental results: (1) from considerations of the shape of
the self-preserving PSD in batch experiments and; (2) from
statistical comparisons between the quality of fit to experi-
mental PSD data by different agglomeration models.

Experimental

The crystal tracer experiments reported here are analo-
gous to the tracer techniques well established for the investi-
gation of chemical reactors. The experimental details may be
found in Ilievski and White (1995). A brief description of the
experimental method follows. An impulse of tracer crystals of
the same size as the seed is added to a crystallizer operating
at steady state. Slurry samples are taken from the crystallizer
product stream at different times, after the addition of the
tracer. The distribution of Zn-doped tracer particles with size
and time is monitored.

Tracer studies were performed on three separate continu-
ous precipitation experiments identified as: Con7#, Con8#,
and Con9#. The operating conditions are given in Table 1.
The index of aggregation, I,,,, by the definition of Houn-
slow (1990) is:

t

A 1)

Lygg=1~

where N, and N, are the total particle numbers at steady
state and numbers added as seed, respectively. This quantity
is an indicator of the extent of agglomeration in the crystal-
lizer.
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Table 1. Operating Conditions and Results from the Precipi-
tation Experiments

Run Identifier Con7# Con8# Con9#

Lige 0.53 0.56 0.44

Seed-Size Distribution Ly; =16 pgm L3y =115 um L3 =16 um
o=25um o =15um o =25um

Supersaturation, § 0.48 0.42 0.42

Mean Res. Time, 7 67 min 59 min 47 min

In the current work N, and N, are determined from parti-
cle counts with an Elzone particle sizer. Separate experi-
ments show that the seeds do not rupture on entry to the
vessel. It is well established that nucleation does not occur
under the conditions reported here. It follows that both N,
and N,, and thus I, are well characterized experimentally.

The values of I,,, in Table 1 show the presence of sub-
stantial degrees of agglomeration. Scanning electron micro-
graphs of the steady-state product crystals from the experi-
ments also showed evidence of agglomeration.

Quantitative Analysis of Tracer Data
Theory of the analysis technique

The experimental tracer data constitute a 2-D size distri-
bution. In Appendix A we develop a 2-D population balance
in terms of a particle’s volume, v, and the mass of tracer it
contains, ¢. We use this population balance to develop ex-
pressions for:

e The index of aggregation, I,,,.

e The one-dimensional (1-D) population balance describ-
ing the particle-size distribution by its population density
function, n(v), and its associated moments, m;.

o The mass density of tracer, M(¢, v), that describes the
distribution of tracer mass with size, so that the mass of tracer,
per unit volume of suspension, contained within particles of
vev, v+dv), is dmy = M, v)dv.

e The total mass of tracer per unit volume of suspension,
M(2) = [FM(2, v)dv.

o The volume mean size of the tracer mass distribution,
U4(t), the mean of M. As will be demonstrated, the expres-
sion for T;(t) provides a tool to aid in the identification of
the agglomeration mechanism.

The analysis presented in Appendix A is possible for only a
limited set of idealized conditions. The assumptions are now
presented and their validity discussed. In all cases we assume
that:

(1) Size Enlargement Occurs Only by Aggregation. Earlier
batch precipitation experiments on this system (Ilievski and
White, 1994) show that the kinetics of growth from solution
are slow compared to the agglomeration kinetics. The domi-
nant size enlargement mechanism is agglomeration and this
assumption is satisfactory.

(2) The Feed to the Crystallizer is Monodisperse. The feed
PSDs are bell-shaped with narrow standard deviations (o <
2.5 pm) compared to the product PSD (o =13 um). It fol-
lows that the seeds may sensibly be treated as monodisperse.

(3) The Tracer Particles are Identical to the Feed. The seed
and tracer PSD were both prepared by classification on a
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Warman Cyclosizer under identical conditions; Ilievski and
White (1995) demonstrate that the tracer crystals behave the
same as the nontracer crystals during precipitation.

(4) The Crystallizer Remains at Steady State with Respect to
all Variables (and Particularly n) Except for the Distribution of
Tracer. Steady-state operation for these experiments was
demonstrated by monitoring the PSD transients Ilievski
(1991). '

Aggregation is characterized by its rate constant, known as
the kernel, B. The frequency with which one particle of size
v, aggregates with N of size u, is B(v, u)N. Many kernels
have been proposed for aggregating systems with and without
physical justification. For a description of those most fre-
quently applied to crystallizing systems refer to Hartel and
Randolph (1986).

The current work is restricted to those kernels amenable
to analytical treatment. These are the size-independent ker-
nel B(v, u) = B,; the sum kernel B(v, u)= B, X (u + v); the
product kernel B(v, u)= B, X uXxv.

The functional form of a given kernel implies an agglomer-
ation mechanism. In this work, we are investigating the size
dependence of the agglomeration kinetics for this system. The
derived analytical expressions corresponding to each of these
kernels are presented in turn below.

Size-Independent Aggregation of a Monodisperse Feed in
MSMPR. The size-independent kernel is frequently found
to give a good description, and in many cases the best de-
scription of aggregating systems. We may express the extent
of aggregation with the parameter K = N_ B, 7. In Appendix
A we show that the index of aggregation and K are related
by:

K+1-V1+2K 2L,
hgg = o K=—"77""— (D)
K (l_lAgg)

The mass density of tracer and the population density are
shown in Appendix A to be related by:

oM(t, v)

v M
= B, [ nt, OM(t, v~ €)de ~ B,m, M~ — (3)
at 0 T
The three terms on the righthand side of Eq. 3 are amenable
to simple physical explanation. The first term accounts for
the production of new tracer particles with v €(v, v + dv)
and every time a particle of mass v — € aggregates with one
of € it adds its mass of tracer to the region (v, v + dv). Un-
like the population balance (Eq. A9) no factor of 1/2 is re-
quired since we count the mass of tracer in each differential
range only once. The second term accounts for loss of tracer
from the size range (v, v + dv). Every successful collision be-
tween a tracer-bearing particle in that range and any other
(whether it bears tracer or not) will remove it from the size
range (v, v + dv). The final term is for bulk flow out of the
crystallizer,
From Eq. 3 it is deduced that the total mass of tracer varies,
as one would expect for a perfectly mixed tank in an expo-
nential fashion:

MTzMaev—t/T (4)
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Ilievski and White (1995) indeed found that the tracer mass
residence time was exponential for the current experiments.

Also from Eq. 3, it can be shown that the tracer mean size
varies linearly with time.

U t 21 t
Lot K=y — 28 (5)
U, T (1_(Agg) T

This last, exceptionally simple, result provides a tool by which
the 2-D experimental tracer data may be explored.

Aggregation with the Sum Kemnel. This kernel is chosen for
analytical convenience, but it also has some physical signifi-
cance. It is frequently asserted that the rate of aggregation
induced by shear is proportional to the cube of the sum of
the aggregating particle diameters. Assuming particle mass is
proportional to diameter cubed, we have:

3
Boa W+ v =u+3u¥ VP +3u B +vzu+uv.

So, the sum kernel provides a bound on the behavior of the
shear kernel; they are equal when one particle is much larger
than the other, but when the particles are of comparable size
the sum kernel is substantially smaller.

In the second section of Appendix A, we show that an-
other dimensionless aggregation rate k = B,7N,v, is related
to the index of aggregation by:

k I,
k= 28
asTrrr YT,

The mass density of tracer and the population density are in
this instance related by:

IM(t, v)

= Bof ot MG, 0= )de

M(t, v)

- B (v,m, +m)IM(t,v) - (6)

The total mass of tracer again decays exponentially, as de-
scribed by Eq. 4.

For the sum Kkernel, however, the mean tracer size rises
exponentially, not linearly as for the size-independent kernel:

or  1+2(k =D 1-1,,,
v,  2k-1 3151
4140, —2 I t
+ Agg exp Agg  ° €
34,1 1= Ly 7

We can see that while this equation is defined for any index
of aggregation, it ceases to be meaningful for values in excess
of one-third. For a detailed account of this phenomenon, see
Smit et al. (1993).

The exponential increase in tracer mean size is a conse-
quence of the fundamental form of the sum kernel that states
that large particles aggregate more frequently than do small
ones.
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Product Kemel. In Appendix A, we characterize aggrega-
tion by k = B,7N,v} and deduce that I,,, = «/2. We show
that the mass density of tracer is related to the size distribu-
tion by:

oM(t, v)

gy =BDJ:(U—€)€H(I,e)M(f,u—e)de

. M@, v)
— Bom M(¢t, v)—

®

from which we deduce that the total mass of tracer decays
according to Eq. 4 and that the tracer mean size is given by:

Or t 1-yT-4x ¢ 1-/T-81,,
T T T | @

T

As with the sum kernel, the product kernel leads to an expo-
nential increase in tracer mean size. Further, it is valid only
for a restricted range of 1,,, (in this case <1/8).

Inverse Problem. Muralidar and Ramkrishna (1986) were
the first to identify the difficulty of the inverse problem in
aggregation. They concluded that if the form of the kernel
was to be deduced from particle-size distribution (PSD) data,
then that data must be available with improbable precision.
For the case in hand, we will now demonstrate the advan-
tages of the tracer data over the PSD data for the identifica-
tion of the kernel (that is, the agglomeration mechanism).

For a monodisperse feed aggregating in a CST, we show in
Appendix B that the size distribution may be calculated as:

n(w)= Y N&(v—iv,)
i=1

(10)

From this, we conclude that the number of aggregates con-
taining / seed particles is N,. The mass of aggregates contain-
ing i seed particles is W, = pu;N,. In Figure 1 we plot a PSD
in terms of W, for the size-independent and sum kernels,
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Figure 1. Size distribution for the size-independent and
sum kernels, with /.. = V4.
Note the difficulty in discriminating between kernels.
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Figure 2. Tracer mean size as a function of kernel type.

Note the ease with which inappropriate forms of the kernel
may be rejected.

with the same index of aggregation, in this case I,,, =1/4.
To discriminate between these kernels, we must be able to
measure PSD with a high degree of resolution. We are, how-
ever, immediately able to exclude the product kernel. As Smit
et al. (1993) show, at this value of index of aggregation, with
this kernel, the population balance is no longer defined.

As an alternative to fitting kernels to PSD data, in Figure 2
we plot 7, for all three kernels considered. The results for
the sum and size-independent kernels have been selected so
that there is a fivefold increase in Uy over one residence time.
This corresponds to the experimental results reported later.
The result for the product kernel corresponds to the fastest
rate of change for which there is a solution, that is, 7,,, =1/8.
The product kernel is not able to describe a system with a
fivefold increase in 7, over one residence time. This figure
shows that it is much easier to discriminate between kernels
using tracer mean size data than from PSD data.

If we combine these two approaches, that of PSD-fitting
and tracer-mean-size fitting, we have an even more powerful
technique for discriminating between kernels. The 7, curves
in Figure 2 correspond to values of K =4, k=0.424, and
k =1/4. These in turn correspond to indices of aggregation
of 0.5, 0.298, and 0.125 for the size-independent, sum and
product kernels, respectively. These estimates of I,,, from
fits to the tracer data may then be compared with the ob-
served values of I,,,, and the kernels thus discriminated.
However, it is not always possible, or can be very difficult, to
obtain a reliable estimate of 7, e such as when substantial
fines are present. In such cases, we may compare the experi-
mental PSD with simulated PSDs generated from the param-
eters of the fit to the tracer data. Figure 3 shows the PSDs
for the size-independent and sum kernels corresponding to
the 0, curves of Figure 2. In summary our proposed tech-
nique for discriminating between kernels is as follows:

(1) Collect the following experimental data: steady-state
PSD and, if possible, I g pulse-response tracer mean size.

(2) Fit the O, — ¢ curves to the experimental data for each
of the kernels under consideration. Reject those kernels not
capable of describing the data. At present, this stage is lim-
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Figure 3. Size distributions corresponding to Figure 2.
Note that it is possible to discriminate between kernels.

ited to the three kernels amenable to analytical treatment,
giving rise to Egs. 5, 7, and 9.

(3) Estimate the indices of aggregation corresponding to
the 7 — ¢ curve fit. If possible, compare the I, values with
the experimental data and reject or accept kernels.

(4) Calculate the product-size distributions corresponding
to the values of 7,,, calculated above. Compare these with
the experimental data and accept or reject kernels.

In the next section we apply this technique to our data for
the A(OH), system.

Tracer data analysis

Quantitative Tracer Data. The quantities measured during
the tracer experiments are: (1) ,, the mass of tracer in the
ith sieve-size range, at time ¢, and (2) n(L), the crystal-size
number density distribution at steady state. These measured
quantities can be related to the results of the theoretical
analysis. The mass of tracer in the ith sieve size fraction, at
time ¢, is:

MJ(1) =fUi+1fUmcf(t, v, ¢)dcdy (11)
L)

Uj

The mean volume size of the tracer mass distribution is esti-
mated from the tracer data by:

Y0 M,
() = J}:—M (12)

The average particle volume in the ith size interval, 7;, is
estimated from the sieve interval geometric mean size, L
by:

5,4

5, =0.7L3;

This relationship was obtained using the measured-size dis-
tributions from a sieve analysis and from the Elzone Callo-
scope 280PCXY, Allen (1990).
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Agglomeration Mechanism Identification. A number of ag-
glomeration Kernels have been proposed in the literature for
the agglomeration of AI(OH); during precipitation in a stirred
crystallizer. From theoretical considerations, Low (1975) pro-
poses a size-dependent, diffusional turbulence kernel. In
contrast, Halfon and Kaliaguine (1976) assumed the random
coalescence mechanism (size-independent kernel), all parti-
cles having an equal probability of agglomerating. Using this
kernel they were able to fit their batch AI(OH), precipitation
data. Ilievski and White (1994) concluded that batch agglom-
eration in this system is by random coalescence. This conclu-
sion was drawn from two independent results. First, the shape
of the experimentally obtained self-preserving PSD, for this
system, was consistent with the size-independent agglomera-
tion kernel. Secondly, a statistical comparison of the quality
of the fit to the experimental PSD data of a number of ag-
glomeration kernels, including the Low (1975) kernel, showed
the size-independent kernel to give consistently better agree-
ment with the data.

Following the kernel discrimination procedure outlined
earlier, we can immediately dismiss the product kernel, as it
does not give a realistic solution at the observed values of
14,¢- Figures 4a, 4b, and 4c show the experimental mean vol-
ume size of the tracer mass distribution, 7, plotted as a di-
mensionless quantity against time, for each experiment. v, is
estimated by linear extrapolation of the tracer mean to time
t = 0. Also presented in these plots are the fitted curves cor-
responding to the size-independent and sum kernel mecha-
nisms, as described by Eqs. 5 and 7, respectively. The error
bars show only the uncertainty introduced into estimates of
U, because discretized data (sieve size intervals) were used
rather than continuous data, refer to Appendix C. As can
be seen from the figures, the shapes of the fitted size-inde-
pendent and sum kernel equations are both consistent with
experimental 7, data. However, a comparison between the
experimentally observed values of 1,,, and those values esti-
mated from the parameters of the curve fit, presented in
Table 2, shows there is a difference between the kernels. The
size-independent can be seen to agree better with the data.

Figures 5a, 5b and 5c show the same information plotted
another way. Plotted here, alongside the experimental 7, are
the predicted size-independent and sum kernel models using
the experimentally obtained values of /... These figures
clearly support the choice of the size-independent agglomer-
ation model over the sum kernel. In fact, Figure 5S¢ shows a
case where the sum kernel is incapable of describing the form
of the tracer data. Estimates of the magnitude of B, can be
obtained from the tracer data using Eq. 5.

The above conclusion agrees with the findings of Ilievski
and White (1994) who deduce their results from the study of
batch precipitation, rather than from continuous experiments
as reported here.

It is uncertain why the size-independent kernel best fits
the available agglomeration data for this system. Further, the
size-independent kernel has been shown by Hounslow (1990)
to be satisfactory for modeling the agglomeration of calcium
oxalate during precipitation in an agitated vessel. It is possi-
ble that under the present experimental conditions the size-
independent kernel is a manifestation of Smoluchowski’s
Brownian kernel (1917) with a aggregation effectiveness term,
¢, for which
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Table 2. Comparison of I,,, Values

1,44, Estimated from Curve Fits

RunNo.  Observed I,,,  Size-Independent ~ Sum Kernel

Con7# 0.534+0.04 0.52 0.29
Con8# 0.56+0.04 0.53 0.30
Con9# 0.44+0.03 0.42 0.27
8 kT( 1 1 8 kT
by ) = e |+ | 4 V) = e —
B, 1= U3 “(uw w) )=

where k here is the Boltzman constant, T is absolute temper-
ature, and u is the viscosity.

Alternatively, while a size-dependent kernel may better de-
scribe the aggregate collision process, the overall process of
forming a strong measurable agglomerate may be better de-
scribed by the size-independent kernel. This overall agglom-
eration process is the sum of a number of subprocesses, that
is, particle collision, aggregation, the rupture of flocs or ag-
gregates of varying strength, and a cementation process that
bonds the aggregate. Recently, a further possible explanation
was advanced in another article from our group, Smit et al.
(1993). They demonstrate that the population balance model
for agglomeration breaks down when used with many of the
theoretically developed agglomeration kernels in a manner
analogous to the failure of the product kernel in the current
study.

Conclusions

The Zn-doped AI(OH); tracer crystals have been demon-
strated to be a useful tool for the quantitative investigation of
agglomeration behavior during precipitation.

A 2-D population balance technique is presented which
aids discrimination between agglomeration kernels and en-
ables estimates of the agglomeration kinetics to be made. An
algorithm, incorporating this technique, is shown to be a
powerful tool for discriminating between kernels.

Three agglomeration kernels were considered. For the
continuous precipitation of AIlOH);, only the size-inde-
pendent kernel was found to be consistent with the experi-
mental data. This result agrees with the findings of Ilievski
and White (1994) obtained from batch precipitation studies.

Estimates of the agglomeration parameters (such as I,
and B,) from the tracer data are in good agreement with the
experimentally observed values.
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Notation

¢ =mass of Zn per tracer particle
f(t, v, ¢) =tracer density distribution
k = ﬁa TNOUO
Ly =volume mean size of a size distribution
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L ; =geometric mean size of the ith sieve size interval, um
M, =total mass of tracer per unit volume of suspension
n(v) =number-volume density function
N, =number of seed particles in the crystallizer, No./mL
N, =total number at steady state, No./mL
S =supersaturation ratio as the supersaturation in Al (as g/L.
Al,O;) over the caustic concentration (as g/l Na,0)
v, =seed particle volume, pm>
7, =average particle volume in the ith size interval, um®
77(t) =mean volume size of the tracer mass distribution, pm?
v, u =variable volume, pm?

Greek letters

B(v,u) =agglomeration kernel
x = BymNovg
o =standard deviation of a size distribution
7 =mean residence time, min.

Subscript

i =pertaining to the ith size interval
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Appendix A: Two-Dimensional Population Bal-
ance

Define the two-dimensional population density function
f(¢, v, ¢) so that the number of particles, per unit volume of
suspension, with mass v € (v, v + dv) and tracer mass ¢ € (c,
¢ +dc) is dN = fdvdc. The variable, v, may be interpreted as
volume if the crystal densities are uniform with size.

Moments

We can define a variety of 1-D and 2-D moments. The
general 2-D moment is:
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mi,j(t)=f()mf(]uvicff(t, v, ¢)dcd (A1)

A useful 1-D moment of the distribution of tracer at a given
size is:

wi(t, 0) =fucff(t, v, ¢)de (A2)
0

This moment can be used to calculate two measurable 1-D
size distributions: n(¢, v) the conventional population den-
sity, relating the number density of particles to their total
size, and M(¢, v) the mass density of tracer.

n(t, v)= /:f(t, v, c)de = uy(t, v) (A3)
M(t, v) =[0Ucf(t, v, c)dc = u(t, v) (A4)

It is also possible to calculate the moments of M.
quiMdu = f(]mf()uvicfdcdv =m,, (A5)

Of particular interest to us is the total mass of tracer pres-
ent:

M(t) = [ Mdv=my () (A6)
0
and the mean of M:
vadv
f my ()
Op(f) = L = (A7)
May  MoaD)

0

The conventional moments of a size distribution may be de-
duced by integrating over all tracer masses:

m(t) = fwu"n(t, v)dv = /mfvvif(t, v, c)dedv =m;, (A8)
0 0 Jo

Size-independent aggregation of a monodisperse feed in a
CST

We turn now to the analysis of an idealized representation
of the experimental system. We employ the assumptions
identified earlier in the theory section.

The conventional population balance for aggregation in a
CST at steady state is given by Randolph and Larson (1988)
as:

n—n

= %‘2 fvn(u —e)n(e)de — Bon(v)f:n(e)de (A9)

T 0

The feed consists of N, particles per unit volume of size v,.
So n'" = N,6(v —v,).
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We take the Laplace transform of the population balance
with respect to particle mass yielding, after some simplifica-
tion:

NO
Als) = ?[\/1 2K —{V1+2K(Q—e%%)] (A10)

where K = N, B,7. In Appendix B we deduce the inverse of
this transform. However, the s-domain result is sufficient for
our purposes at the moment. In this form it can be used as a
moment generating function, since:

,dals)
ds’

m; = lim (~1) (A11)

s—0

So, m,=N,= N,/K(V1+2K —1), and therefore, the index
of aggregation:

K+1-VI2K 2l
K (1—IAgg)2

(A12)

N,
IAgg:l—F=

Distribution of Tracer by Size.
tion balance for this system is:

The dynamic 2-D popula-

(A13)

where

B, (v
B(t, v, c)——z—j;)j;)f(t,u—e,c—y)f(t, €, y)dyde

(A14)

D(t,v,c)=B,f(t, v, c)j;)wj;uf(t, €, v)dvyde

= B,fm, (A15)

We are able to neglect the term for flow into the system as
we are dealing with pulse responses. The magnitude of the
pulse is accounted for in the initial condition introduced af-
ter Eq. A20.

We may take 1-D moments with respect to tracer mass to
give:

aﬂ«](t, U)

,U-j(t, U)
at T

= By(t, )~ Dy, )~ (A16)

where

— B, ;o v pc .
Bi(t,0)= > j;) j;) ](‘)c’f(t, v—€,c—y)f(t, €, y)dydedc
(A17)
ﬁj(t, v)= Baj;)wcff(t, v, c)j:fouf(t, €, v)dydedc
= Bamo/"'j (A18)
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Our particular concern is with the first moment. For this case
(j =1) (Egs. A16—-A18) become:

Iz, v) w I

_;_—=Bof lu’o(t7 G)M‘l(t’I')_e)de—Barnol““l__1

Jt 0 T
(A19)

However, by Eqgs. A3 and A4 u, and u, are n and M, re-
spectively. We may now write an equation describing how the
tracer mass is distributed by time and size:

aM(t, v) v M
— = Bof n(t, e)M(t, v~ e)de — B,m M — —
at 0 ‘ T

(A20)

subject to the initial condition M(0, v)= M, 5(v — v,).
Once again we take the Laplace transform with respect to
particle mass, yielding:

aM(t, s) . . M
——— =B AM — B,m M — —
;

91 (A21)

We have assumed that n is independent of time, so this
first-order ODE can be solved:

In (A22)

M(t, 5) z( } b
M(O, 9 = B,Ta— B,Tm,

If we combine this with the result for 7, (Eq. A10), we ob-
tain:

- t
M(t, s)=M, exp {— U, — ;\/1+2K(1— e’”vs)] (A23)

As before, we can use this result to obtain the moments of
M:

_ ; IM(s, 5)
m;(¢) = lim (=1)' ——— (A24)
’ s> 0 as
So, the total mass of tracer per unit volume is:
Mp=m;o=M(t,0)= Mye™” (A25)
We may also calculate the tracer mean size:
- My~ M'(0)
Op=——=——n——=ypg| 1+ K- (A26)
Mo, M(0)
In dimensionless form it is:
3 t 21
L=l K =14 — 28 (A27)
Vo T (1-1,,,)

Vol. 41, No. 3 AIChE Journal



Aggregation with the sum kernel
The population balance is:

n—-n“’ o [V
=— [ pn(v—e)n(e)de
0

T 2

— Byn(v) /0 "0+ enle)de (A28)

Proceeding as before, we next take the Laplace transform:

fi— N, e v d d

13
=- Bonz - Bo(mln - m”_d?) (A29)

T

When dealing with size-independent aggregation, the corre-
sponding equation, (Eq. A10), was explicit in 7, whereas Eq.
A29 is a nonlinear, nonhomogeneous ODE. In Appendix B
we develop a series solution for 7, but at this stage we wish
to know 7(0), /'(0), and so on.

We proceed as follows. We can develop without difficulty a
Taylor series, about s = 0, equivalent to Eq. A29. The coeffi-
cients of that series will involve in the normal way the deriva-
tives of 7 at s =0—precisely the quantities desired. These
may then be determined by equating coefficients of s.

The Taylor series equivalent of Eq. 29 is:

=N, + a(0) - B,7a(0)A' (D) +[N,u, + 7 (0)]s

7'(0) — N,v?
— B, A (A (0) |52 +0(s*) =0 (A30)

Since each of the coefficients in this polynomial must be zero,
we can develop three simultaneous equations in terms of 7(0),
#'(0), and so on. These in turn yield the moments:

NO Novg
m,=N,= T+ k m=Ny, m,= 172k (A31)
where k = B,7N,v,. We observe, therefore, that 1,,, = kAk

+1) so that complete aggregation occurs as k —c. We note
also that the first moment, or total mass per unit volume, is
independent of k.

Distribution of Tracer by Size with the Sum Kernel.
apply Eq. A13, but with:

We again

B, v e
B(t,u,c)=7/(;/Ouf(t,u—e,c—'y)f(t,e,'y)dyde
(A32)

DGt v, ) = B,f(t, v, c)fo‘”[o“(u + e f(t, €, y)dyde

= B,(vm, + m)f (A33)
So, rather than Eq. 20 we have:
IM(¢, v) v
— = Boj; vn(t, eIM(t, v — e)de
M(t,v)
- Bo(vomo+ml)M(t’ U)_ (A34)
AIChE Journal March 1995

The Laplace transform of this equation is:

IM(t,s) » )&M(r, $) 1 an(t, s)
T " Be| Al ) - MUt ) 0
~ AZ(t, S)
+m,— mM(s, s)]— (A35)

Yet again, we have no expectation of solving this ODE let
alone inverting the transform. Instead, we will be content with
determining M(0) = mq,, and M'(0)=m ;. We do so by again
taking the Taylor series, combining with Eq. A30, and equat-
ing coefficients. This yields:

dmO,l dml’l

dt T dt T T

mgy,
4+ o

+ my E( VoM
1-2k

- m“) =0
(A36)

This pair of first-order ODEs may be solved to give:

mg (1) = my (0)e™"" (A37)

e +2(k — 1)k~

A38
2k-1 (A38)

my1(t) = m, 1(0)

Finally, the total mass of tracer and the mean size may be
calculated:

My =mq,=M,e™" (A39)
my 1+2(k —De*”
Dy L A40
Uy s Y (A40)

In terms of the index of aggregation, this last result is:

br_ - IAgg Hagg =2 exp fage L (A4D)
Vo 3lygg—1 3lyg—1 | 1—Ly, T
Product kernel

We proceed with this kernel exactly as we did with the sum
kernel. The population balance is now:

n—ni"

= PZ—O fOD(v —e)en(v — e)n(e)de

T

- Bovn(v)fwen(e)de (A42)
0

Or, in the Laplace domain:
i— N,e %’ di\’ d’
CNEL A 5‘1( = ) B,m (A3)

T

By means of a Taylor series expansion the moments may be
deduced:

Vol. 41, No. 3 533



1-v1—-4«
2k
(A44)

K
m =N,=No(1—5) my= Ny, my=N,p?2

where « = B,7N,v2. We observe, therefore, that I, = x/2
so that complete aggregation occurs as « — 2. We note also
that the first moment, or total mass per unit volume, is inde-
pendent of «.

Distribution of Tracer by Size with the Product Kemnel.
again apply Eq. Al3, with:

We

BO 12 C
B(t,u,c)=—2—j;j;(u—e)ef(t,u—e,c—y)
X f(t, €, y)dyde (A45)

D(t,v,c)= B, f(z, v, c)j:cj:uef(t, €, y)dyde

= Bovﬁnl (A46)
So, rather than Eq. A20 we have:
ML) o [0 erentt, oMU, v - )
Y —Boj;z) e)enl(t, € ,U—€l)de
M(t, v)
— Boum M(t, v) — (A47)
The Laplace transform of this equation is:
IM(t, 5) IM(t, s) { 9A(t, s) M, s)
=B, +my |- (A48)
at ds Js T

We can extract the moments of M from a Taylor series ex-
pansion, to give:

dm m dm m
oL L8 o J+A(1+,/1_4K)=0 (A49)
dt T dt 27

This pair of first-order ODEs may be solved to give the total
mass of tracer and the mean size:

Mp=mg = Mye " (A50)
omyy [z 1—\/1—4K]
by =——=0,exp | — ——F—
mg 2
¢ 1=/1=81,,
B Dl e— (A51)
T

Appendix B: Series Solutions for Population
Density Function

We seek solutions to the population balance equation by
means of series expansions in the Laplace domain.
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Size-independent kernel
We may expand Eq. A10 in powers of e™%° to give:

ﬁ(s) e VoS KevZU‘,s kZe—3U”s
N,

= + +
L (42K 20+2K) 21 +2K)7

5k3ef4n‘,x

4+ —+4+...
8(1+2K)"*

=Y Cie "o (B1)
i=1
where
K71 1X1X3X5XTX...X2i—3)
T (1+2K) TV il
KT (2 3) B
A+2K)V o J

We may invert Eq. Bl to give the population density as a
series of impulses at integer multiples of the seced size:

n(w)=N, Y C8(v—iv)= Y N&(w—ivy) (B3)

i=1 i=1
This result makes it clear that since all aggregates are made
up of an integer number of seed particles, each of mass v,,
that the aggregates themselves must have a mass that is an
integer multiple of the seed mass. By means of Eq. B2 we
may calculate the number of aggregates, N,, containing i seed
particles.

Sum and product kernels

Equations A29 and A43 differ from Eq..Al0 in that they
are (nonlinear) differential equations in s, rather than ex-
plicit algebraic equations. We adopt the following approach.

(1) Transform variables so that y(x) = A(s)/N, when x =
e " Y. For example, Eq. A29 becomes:

=y -y-— (B4)

(2) Develop a Taylor series for Eq. B4 in terms of y=
3C,x". Solve for the C,, numerically, in the manner of Wol-
fram (1991). As previously, the number of aggregates contain-
ing i seed particles is N, = N,C;.

The algebraic forms of the C; depend on the length of the
expansion of Eq. B4. However, by considering expansions of
various lengths, numerically converged solutions were ob-
tained for specific values of k.

Appendix C: Discretization Error in Tracer Distri-
bution

Here we develop an expression for the error introduced
into estimates of U, that results from using the discretized
mass-tracer distribution (histogram) in Eq. 12. The discretiza-
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tion is a consequence of splitting the tracer samples into fi-
nite-size intervals. This analysis ignores experimental error,
which would be in addition to the discretization error.

The definition of o} is:

f ocuMdu .
DT(t)=Lw——=f vM(v)dv (AT
Mdv 0
0
D is estimated from the experimental data by:
Mi
(12)

n n
o)=Y, =Y 5M,
T ZMI i=1

i

The error introduced by discretization of the distribution into

n intervals is:

o A n ~
€ =f vM(vYdv — Y 5 M,
0 i=1

if v, >v*, M(b*)=0

: A n A
€=y, /UMUM(U)dU— Y 5,M;
i=1"Yi i=1

Then for the ith interval:

Yier1 _a A Disy A _
&= [ "oM)dv-5,M,= [ oM (v)dv - BF,,, - F]
Ui

(C1)

where F, = F(v)), the cumulative distribution of M(v)=
dF(v)/dv, at v; and:

™
i
'Mx
Kl

I
-

The integral in Eq. Cl1 is evaluated using integration by
parts and by a Taylor expansion about 7;. For simplicity we
have taken D; = (v;, | + v;)/2, and define h, = v, —v;. The
first-order approximation from the Taylor expansion is:

€;

h;
= 7[Fi+1 ”Fx]
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